We develop a theoretical formalism for collectively responding point scatterers where the radiating electromagnetic fields from each emitter are considered in the electric dipole, magnetic dipole, and electric quadrupole approximation. The contributions of the electric quadrupole moment to electromagnetically-mediated interactions between the scatterers are derived in detail for a system where each scatterer represents a linear RLC circuit resonator, representing common metamaterial resonators in radiofrequency, microwave, and optical regimes. The resulting theory includes a closed set of equations for an ensemble of discrete resonators that are radiatively coupled to each other by propagating electromagnetic fields, incorporating potentially strong interactions and recurrent scattering processes. The effective model is illustrated and tested for examples of pairs of interacting point electric dipoles, where each pair can be qualitatively replaced by a model point emitter with different multipole radiation moments.
I. INTRODUCTION
Metamaterials are artificial media which, through design, exhibit functions not observed in natural materials. The constituent components of the metamaterial are resonators that are typically much smaller than the wavelength of the electromagnetic (EM) field. Each unit cell in a metamaterial array is formed by a metamolecule whose internal structure may then consist, e.g., of a nontrivial configuration of circuit resonators. Metamolecules are closely spaced and they can also interact strongly by EM-field mediated coupling. The strong interactions result from a multiple scattering effect, whereby a resonators' charge and current oscillations, driven by the incident field and those EM fields emitted by other resonators, produce EM fields which, in turn, drive the charge and current oscillations of other resonators. The functionalities of the metamaterial then depend on these interactions.
In principle, when the reaction of a resonator to an EM field is known, Maxwell's equations may be solved numerically for an ensemble of resonators, taking into account the constituent structure and geometry of each resonator. In practice, however, this is computationally demanding for more than a few single elements 1 , or would require simplifications, such as adapting the discrete translational symmetry of an infinite lattice [2] [3] [4] [5] . An alternative approach is to provide an effective model for the individual circuit elements as point scatterers interacting with the incident and scattered EM fields. A general formalism for such an approach was developed in Ref. 6 , where each metamolecule was assumed to comprise a set of pointlike circuit elements whose radiative properties were described by the lowest order electric and magnetic multipoles. The model was designed to capture the physics of each resonator, e.g., its resonance frequency and radiative emission rate, that are relevant for collective radiative coupling between large numbers of metamolecules, without the need for a detailed model of the intrinsic structure of each circuit resonator. The approach then results in a coupled set of equations for the dynamics of the resonators and EM fields. The model is not limited to circuit resonators but can also be utilized for a variety of point scatterer 7 and nanoparticle systems [8] [9] [10] [11] . In Ref. 6 ,12-14 the general formalism of Ref. 6 was applied to derive effective dipole point scatterer approaches to model split-ring resonators;
15 each arc of the resonator was described by a point emitter that possess both electric and magnetic dipoles. The resulting metamolecule of two such arcs exhibits a strong electric or magnetic dipole excitation, but notably weaker electric quadrupole excitation 16 . The model was sufficient to qualitatively describe the strong collective effects of a planar metamaterial array and its correlated subradiant excitations 14 . In related systems, it has also been used in electronbeam excitation studies of a metamaterial array 17 , and the model can also incorporate additional features, such as inhomogeneous broadening 18 . Many metamolecules cannot accurately be modeled by electric and magnetic dipoles alone, and treating each constituent separately may be computationally impractical. For instance, there is considerable interest in the studies of strong intrametamolecular couplings in the context of Fano transmission resonances or subradiance in the systems that are formed by combinations of several resonators [19] [20] [21] [22] [23] [24] [25] . Experiments on collective responses of large numbers of resonators in planar metamaterial arrays are also becoming common 14, 17, [26] [27] [28] [29] [30] [31] . Here we extend the analysis of Ref. 6 to point emitter descriptions that includes electric quadrupole radiation. The formalism then provides an effective model of a resonator system comprising single point scatterers radiating electric dipole, quadrupole, and magnetic dipole EM fields. The EM interactions between point emitters possessing also electric quadrupole moments lead to mathematically more complicated expressions. We consider an ensemble of such effective emitters and develop a compact model for their interactions. The approach is illustrated and tested by simple examples of point electric dipoles. We compare the responses of two pairs of point electric dipoles to an effective description where each pair is replaced by a single point emitter with an electric dipole or a magnetic dipole and electric quadrupole moment.
In Sec. II, we review the theoretical model utilized to describe the interactions between resonators, and the point electric and magnetic dipole approximation of their interactions. In Sec. IV, we introduce the point emitter description with an electric quadrupole moment and describe the scattered EM fields and the interactions with other emitters. In Sec. V, we analyze in detail the point multipole interactions of different resonator systems, providing specific analytical examples. Some concluding remarks are made in Sec. VI.
II. BASIC FORMALISM FOR DISCRETE RESONATOR MODEL
Here, we introduce the basic formalism used to analyze the interaction of an EM field to closely spaced resonators. The formalism is derived in detail in Ref. 6 . Here, we review how the scattered EM fields are obtained from general polarization and magnetization sources, before providing an overview of the point electric and magnetic dipole approximation of the scattered EM fields and their interactions with the resonators in Sec. III.
A. Radiated fields
In the general model of circuit resonator interactions with EM fields, we assume that the charge and current sources are initially driven by an incident electric displacement field D in (r, t), and magnetic induction B in (r, t) with frequency Ω 0 . The electric E sc,j (r, t) and magnetic H sc,j (r, t) fields scattered by resonator j, are a result of its oscillating polarization P j (r, t) and magnetization M j (r, t) sources. In general, the electric and magnetic fields are related to the electric displacement and magnetic induction through the auxiliary equations
When analyzing the EM fields and resonators, we adopt the rotating wave approximation where the dynamics is dominated by Ω 0 . In the rest of the paper, all the EM field and resonator amplitudes refer to the slowly-varying versions of the positive frequency components of the corresponding variables, where the rapid oscillations e −iΩ0t
due to the dominant laser frequency has been factored out. The scattered EM fields are then given by
where k = Ω/c. Explicit expressions for the radiation kernels are
Here: the dyadic rr, is the outer product of r with itself; I is the identity matrix; and h
(1)
n (x) are spherical Hankel functions of the first kind, of order n, defined by
The radiation kernel G(r − r ′ ) determines the electric (magnetic) field at r, from polarization (magnetization) sources at r ′32 . Similarly, the cross kernel G × (r − r ′ ), determines the electric (magnetic) field at r, from magnetization (polarization) sources at r ′32 . Equations (3) and (4) give the total scattered EM fields as functions of the polarization and magnetization densities. In general, for sources other than point resonators, the scattered field equations are not readily solved for P j (r, t) and M j (r, t). When resonators are separated by distances less than, or of the order of a wavelength, a strongly coupled system results.
B. Interacting resonators
In Ref. 6 , a general theory was formulated to derive a coupled set of linear equations for the EM fields and strongly coupled resonators. The state of current oscillation in each resonator j is described by a single dynamic variable with units of charge Q j (t) and its rate of change I j (t), the current. The current oscillations within the jth resonator behave like an LC circuit with resonance frequency ω j ,
where C j and L j are an effective self-capacitance and self-inductance, respectively. The polarization and magnetization of a resonator can be obtained from Q j (t) and
The charge profile function p j (r) and the current profile function w j (r), in Eqs. (10) and (11), may be considered independent of time. The geometry of individual resonators determines the form of the respective profile functions. The polarization and magnetization densities are related to the charge and current densities of the resonators by
The charge and current densities within each resonator are initially driven by the incident EM fields D in (r, t) and B in (r, t). The incident electric displacement and magnetic flux, with polarization vectorê in , are:
wherek in is the propagation vector of the incident EM field. The total EM fields external to resonator j comprise the incident field and those fields scattered from all other resonators,
The total driving of the charge and current oscillations within the resonator is provided by the external EM fields, Eqs. (16) and (17), aligned along the direction of the source, providing a net electromagnetic force (emf) 6 , E ext,j and flux 6 , Φ ext,j . We define the external emf and flux as
The emf and flux can be decomposed into contributions from the incident and scattered EM fields,
The emf and flux resulting from the driving by the incident EM field is E in,j and Φ in,j , respectively. The driving of resonator j by the scattered EM fields from resonator i are the emf E sc i,j and flux Φ sc i,j . The total driving of a resonator can be summarized by the external driving F ext,j , the sum of the incident F in,j and scattered F sc,j driving contributions, respectively, where
where the components
C. Normal modes
In order to express the coupled equations for the EM fields and resonators we introduce the slowly varying normal mode oscillator amplitudes 6 b j (t),
Here, the generalized coordinate for the current excitation in the resonator j is the charge Q j (t) and φ j (t) represents its conjugate momentum. In the rotating wave approximation the conjugate momentum is linearly proportional to the current 6 . The dynamic variable in Eq. (25) can be used to describe a general resonator with both polarization and magnetization sources.
The normal mode amplitudes b j (t) describe the current oscillations of the resonator. These current oscillations are subject to radiative damping due to their own emitted radiation. The driving of b j (t) is achieved through the external fields and resulting emf and flux. The equations of motion for Q and φ,Q = I andφ = E, together with the scattered EM fields from each resonator and those scattered fields from other resonators result in a linear system of equations for b j (t). For a system which comprises N resonators, these read as
where b is a column vector of N normal oscillator ampli-
F in is a column vector formed by Eq. (23) . The matrix C describes the interactions between the resonator's selfgenerated EM fields (diagonal elements) and those scattered from different resonators [off-diagonal elements; the interaction terms in Eq. (24)] 6 . As we will see (Secs. III and IV) the solutions to Eq. (24) become increasingly complicated as the complexity of the resonators increases. The diagonal elements of C contain the resonance frequency shift and the total decay rate Γ j 6 ,
The total decay rate Γ results from the radiative emission rate and ohmic losses. Although generally the emitters can have different resonance frequencies, here, for simplicity, we focus on the case of equal frequencies, i.e., ω j = ω 0 , for all j.
D. Collective eigenmodes
Strong multiple scattering results in collective excitation modes of the system. The collective modes of current oscillation within the system are described by the eigenvectors v n of the interaction matrix C. The corresponding eigenvalues ξ n have real and imaginary parts corresponding to the decay rate and resonance frequency shift of the mode,
The number of resonators N , determines the number of collective modes. The collective eigenmodes can then exhibit different resonance frequencies and linewidths and line shifts 6, 14 . The different modes may have superradiant or subradiant characteristics. The former occurs when the emitted radiation is enhanced by the interactions of the resonators (γ n > Γ). The latter occurs when the radiation is suppressed and confined to the metamaterial (γ n < Γ).
III. POINT ELECTRIC AND MAGNETIC DIPOLE APPROXIMATION
The general model of interacting resonators summarized above and introduced formally in Ref. 6 is applicable to any type of circuit element resonators. In practice, however, some approximations to the intrinsic structure of the resonators is required. When the size of the resonator is much less than the wavelength, the resonators' scattered EM fields are often approximated as those of point multipole sources. For split ring resonators the scattered fields are dominated by electric and magnetic dipole radiation. This motivated the formal theory of the point electric and magnetic dipole approximation, introduced in Ref. 6 , which we first review here. Later, in Sec. IV, we extend the theory by deriving the point electric quadrupole approximation in the same formalism that can be used to model also more general resonator and emitter systems.
A. Radiating point dipoles
The electric E sc,j (r) and magnetic H sc,j (r) fields scattered from the jth resonator located at r ′ due to its polarization and magnetization sources follow from Eqs. (3) and (4) with the polarization density Eq. (10) and magnetization density Eq. (11) . In the electric and magnetic dipole approximation, the mode functions, p j (r) = p d j (r) and w j (r), respectively, are defined as
Here, the proportionality constant H j has units of length and the unit vectord j indicates the orientation of the electric dipole, whilst A M,j has units of area andm j indicates the orientation of the magnetic dipole. The interaction of the resonator with its self-generated EM fields causes radiative damping to occur. The radiation rates of the electric and magnetic dipoles of the jth resonator are Γ E1,j 6 and Γ M1,j 6 , respectively, where
We account for nonradiative losses by adding the phenomenological decay rate Γ O,j . For simple gold or silver resonators, Γ O can be estimated by applying the Drude model of permittivity with specific material paramaters to the scattered cross section of the resonator, see e.g., Ref. 25 . The total decay rate is then the sum of the radiative emission rate and ohmic losses. In the dipole approximation the total decay rate Γ j is
The amplitudes of the EM fields scattered by the electric and magnetic dipoles are proportional to their corresponding radiative emission rates Γ E1,j and Γ M1,j . We write the EM fields due to the point electric and magnetic
The matrix G E1 determines how the geometrical properties and orientations of the resonators influence the scattered electric field contributions to the emf. The diagonal elements of G E1 are zero, the off-diagonal elements, with point electric dipole sources, are
In a similar manner, the scattered magnetic field from the jth resonator driving the magnetization source oscillations within resonator i = j, results in the flux
, where
The matrix G M1 is the magnetic counterpart of Eq. (40). The diagonal elements of G M1 are zero, the off-diagonal elements, for point magnetic dipole sources, are
The driving of the polarization (magnetization) sources within the jth resonator by the magnetic (electric) field scattered by resonator i result in additional contributions to the emf and flux. We call this type of driving "cross driving". In the dipole approximation the cross driving contributions to the emf and flux are 6 , E sc,X1 i,j and Φ sc,X1 i,j , respectively, where
The matrix, G X1 , and its transpose, G T X1 , are the cross driving counterparts of Eqs. (40) and (42), the off diagonal elements are
In the point dipole approximation, the interactions between the resonators depend exclusively upon the orientation and relative positions of the point sources. The coupling matrix C is
where
The diagonal elements of C contain the detuning of the incident EM field from the resonator's resonance frequency ω j and the resonator's total decay rate Γ j . The detuning is described by the diagonal matrix ∆, where
and the decay rate by the diagonal matrix Υ, with
The radiative decay rates of each resonator are contained in the diagonal matrices Υ E1 and Υ M1 , where,
IV. POINT ELECTRIC QUADRUPOLE APPROXIMATION
In Sec. II, we reviewed the general model for interacting resonators and the point electric and magnetic dipole approximation of the scattered EM fields. In this section, we extend the point dipole approximation from Sec. III, to include the point electric quadrupole contribution to the scattered EM field and its interaction with the other multipole sources.
The previously derived interaction matrix Eq. (46) between resonators that exhibit point electric and magnetic dipoles is generalized for the case of point electric quadrupoles
The diagonal elements of Eq. (52) contain the detuning ∆ [see Eq. (48)], and the total decay rate Υ for the resonator
Here, Γ E2 denotes the electric quadrupole radiative emission rate. The electric and magnetic dipole emission rates are Γ E1 and Γ M1 , respectively, see Eqs. (32) and (33) . The matrices for electric and magnetic dipole interactions, C E1 , C M1 , and C X1 are given in Eq. (47). The additional interaction terms are similarly defined,
and describe: electric quadrupole-electric quadrupole; electric quadrupole-electric dipole;
and electric quadrupole-magnetic dipole interactions, respectively. The transpose matrices, C T X2e and C T X2m are, respectively, the electric dipole-electric quadrupole and magnetic dipole-electric quadrupole interactions. Explicit expressions for: G E2 ; G X2e ; and G X2m are given in Eqs. (92); (96); and (100), respectively, and are derived in this section.
The electric dipole and magnetic dipole radiative emission rates are contained in the diagonal matrices Υ E1 and Υ M1 , respectively, see Eqs. (50) and (51). The electric quadrupole radiative emission rate is contained in the equivalent diagonal matrix Υ E2 , where
In this section, we also derive an explicit expression for Γ E2 .
A. Interacting point electric quadrupoles
We expand the polarization density to include the electric quadrupole term p q j (r)
Whilst the electric dipole term p d j (r) is vector quantity, p q j (r) is a tensor. The index α of the Cartesian component of the electric quadrupole contribution of the jth resonator is p q α,j (r), where we define
Here, A αβ,j is symmetric and traceless with dimensions of area, and the indices α, β refer to the Cartesian coordinates x, y, z and the summation is over β. The exact form of A αβ,j depends on the geometry of the resonator. The scattered electric E E2,j (r) and magnetic H E2,j (r) fields due to the quadrupole moment located at r ′ are derived from the first terms, respectively, in Eqs. (3) and (4). Here, the spatial profile of the polarization density in Eq. (10) has Cartesian component α defined in Eq. (57), and we find the Cartesian component ν of E E2,j (r) and H E2,j (r) are;
The radiation kernels G να (r) and G ×,να (r) are the tensor components (ν, α = x, y, z) of the radiation kernels defined in Eqs. (5) and (6), respectively. Whilst in the electric and magnetic dipole limit the radiation kernels act directly on the moments p d j (r) and w j (r), respectively, the quadrupole EM fields, Eqs. (58) and (59), are more complicated due to the derivative in p q α,j (r). After integrating by parts Eqs. (58) and (59), the EM field components ν are
The derivatives of the radiation kernel G(r) and cross kernel G × (r), with respect to the Cartesian coordinate r µ=x,y,z are given in App. A, see Eqs. (A1) and (A2).
Equations (60) and (61) are the full EM field equations evaluated at r (in Cartesian coordinates), for an oscillating electric quadrupole source located at r ′ . The EM fields are determined by contracting Eqs. (A1) and (A2), acting on the quadrupole moment A αβ,j .
In the electric dipole approximation, it is a relatively simple exercise to expand the radiation kernel, in powers of kr, to obtain an expression for the electric dipole radiative decay rate. For the electric quadrupole, there is no simple expansion for Eq. (A1). In order to determine an expression for the electric quadrupole (and other higher order multipoles) self-interaction strength and radiative emission rate, we find it convenient to compare the multipole radiated power 32, 33 to the [rate of change of] energy of an oscillator.
The radiated power can be obtained by integrating
over a closed spherical surface, where dΩ denotes the solid angle element andr the vector normal to the surface. In the radiation zone, the fields E rad (r) and H rad (r) vary as 1/r, and |E rad (r)| = cµ 0 |H rad (r)|. We have
In the limit kr ≫ 1 we adopt the notation of Ref. 32 , and define a quadrupole vector component, of the jth resonator q j (r), where
Here, α, β refer to the Cartesian components,r is the unit vector in the direction of r, and q αβ,j is the electric quadrupole moment tensor, defined as
The charge density ρ j (r, t) in Eq. (65) is defined in Eq. (12) .
The electric E rad,E2,j (r) and magnetic H rad,E2,j (r) radiated fields from the jth electric quadrupole are
where r = |r − r j |. The electric quadrupole contribution to the power P E2 is
The electric quadrupole radiated power P E2,j , is the integral of Eq. (68) over all angles 33 . We find 33 [see App. A 1],
The quadrupole moment tensors, q αβ,j and A αβ,j , and the dynamic variable b j (t) of the jth resonator are related through the charge density ρ j (r, t). The electric quadrupole component of the charge density, from Eqs. (12) and (57) is
where the summation is over the Cartesian coordinates (α, β = x, y, z). Substituting Eq. (70) into Eq. (65),
(71) Integration of Eq. (71), by parts twice yields
(72) The term in parenthesis in Eq. (72), simplifies considerably because the derivatives result in Kronecker δ functions,
Writing the charge Q j (t) in terms of the dynamic variable b j (t) [see Eq. (25)], we finally have the relationship between q αβ,j , b j (t) and A αβ,j ;
The energy U j of an isolated oscillator, from its Hamiltonian, is analogous to that of an LC circuit
The electric quadrupole radiated power P E2,j of the oscillator, is the rate of change of Eq. (75),
Here, ω j is the resonance frequency and Γ E2,j the decay rate of the electric quadrupole. Comparing Eqs. (69) and (76), we obtain the rate at which a resonator radiates energy in the point electric quadrupole approximation as
where we define
as an effective area of the electric quadrupole. Again, the indices α, β refer to the Cartesian components of the quadrupole moment and repeated indices are summed over.
With the radiative emission rates of the electric quadrupole Eq. (77), and the electric and magnetic dipoles Eqs. (32) and (33) , respectively, we can express the normal mode oscillator amplitudes Eq. (25) in terms of the contributing multipole moments
The real part of Eq. (79) comprises the electric dipole and electric quadrupole contributions. The imaginary part corresponds to the magnetic dipole contribution.
In the point emitter approximation, the radiative emission rates of the magnetic dipole and the electric quadrupole both depend on their respective, effective cross sectional areas A M,j and A E,j , see Eqs. (33) and (77), respectively. For simplicity, we assume that the magnetic dipole and electric quadrupole have the same resonance frequency ω j [Eq. (9)]. Comparing Eqs. (33) and (77), we find Γ M1,j and Γ E2,j are of the same order of magnitude, their relative radiation emission rates are
In Sec. III, the amplitudes of the scattered EM fields were proportional to the electric dipole and magnetic dipole radiative emission rates. Here, the full electric quadrupole EM field amplitudes, Eqs. (60) and (61), are proportional to the electric quadrupole decay rate Γ E2,j . We write the scaled EM fields of the jth electric quadrupole source as
where the constant ℘ 0 is defined as
andÂ αβ,j is a tensor which defines the charge configuration of the quadrupole moment
The jth electric quadrupole is also driven by the external electric fields E ext,j (r), resulting in the induced emf
Here, the mode function p q ν,j (r) is defined in Eq. (57). For point electric quadrupole sources, the jth electric quadrupole moment A αβ,j interacts with gradient of the external electric field,
The external electric field [Eq. (16)] comprises the incident electric field and the different multipole scattered fields. These different contributions to the external electric field driving the electric quadrupole source allow us to decompose the resulting emf into different components;
In Eq. (87), the incident EM field contribution to the emf follows from Eq. (86), with the incident displacement field Eq. (14)
The contributions E sc,X2e i,j and E sc,X2m i,j are due to the interactions of electric and magnetic dipoles, respectively, with electric quadrupoles. We discuss these contributions in detail later. Here, we provide the electric quadrupole driven contribution to the emf from two interacting electric quadrupoles, E 
The first term in parenthesis in Eq. (89) is the mode function p 
The integral in Eq. (90) 
The matrix G E2 is the contribution to C E2 in Eq. (54a), with off diagonal components
(92) Equation (92) is, in general, complicated, however, as we show later in Sec. V C, for simple point quadrupole systems, Eq. (92) simplifies considerably. The coupling matrix C for interacting electric quadrupoles only is
where C E2 is given in Eq. (54a). The diagonal elements of C contain the detuning ∆ and total decay rate Υ. Equation (48) gives the detuning, the decay rates in the electric quadrupole approximation are
B. Interacting point electric and magnetic dipoles and electric quadrupoles
In Sec. IV we discussed the interactions between two point electric quadrupoles and in Sec. III between electric and magnetic dipoles. Here we introduce the cross coupling of the electric quadrupole to the electric and magnetic dipoles.
Electric dipole-electric quadrupole interactions
The electric field scattered by an electric dipole is given by the first integral in Eq. (35) and by an electric quadrupole in Eq. (81). These scattered electric fields drive the charge oscillations in other resonators with electric quadrupoles and electric dipoles, giving rise to the cross driving (dipole-quadrupole) emf E sc,X2e i,j
The matrix G X2e has zero diagonal elements, the offdiagonal elements are defined by
The interactions between an electric quadrupole (electric dipole) with the EM fields from an electric dipole (electric quadrupole) are described by G X2e . The derivatives of the radiation kernel are given in Eq. (A1) (see App. A).
The interaction matrix C X2e in the equation of motion, Eq. (26), for the cross driving of electric dipoles and electric quadrupoles are given in Eq. (54b), where
Magnetic dipole-electric quadrupole interactions
The electric field from an oscillating magnetic dipole is given by the second integral in Eq. (35) , and the magnetic field from an electric quadrupole in Eq. (82). These scattered EM fields drive the external electric quadrupole and magnetic dipole sources, respectively, resulting in an emf E sc,X2m i,j and flux Φ sc,X2m
The terms in C X2m then follow as in the previous section, where the off-diagonal elements of G X2m are given by
where the derivatives of the cross kernel are given in Eq. (A2) (see App. A), and
For simple interacting electric quadrupole-magnetic dipole systems, Eq. (101) simplifies considerably, as we show later in Sec. V C.
V. EXAMPLES OF SIMPLE SYSTEMS OF INTERACTING POINT EMITTERS
Metamaterial arrays typically consist of large numbers of subwavelength-spaced metamolecules, each of these formed by configurations of resonators. Radiative interactions between different metamolecules can be strong, and when analyzing collective interactions in large systems, it may be impractical, or even beyond the computational capacity, to provide a detailed intrinsic model of each metamolecule. The effective model of point scatterers with a multipole expansion of their radiative properties can be utilized in the simplification of individual metamolecule properties. For symmetric and asymmetric split-ring resonator metamaterials, in which case each metamolecule consists of two symmetric or asymmetric resonator arcs, the point emitter approximation was previously applied separately to each arc 6, 12 . In that case it was sufficient to represent each circuit resonator arc as a point emitter possessing electric and magnetic dipoles. The formalism was successful in describing collective effects in planar asymmetric split-ring metamaterial arrays [12] [13] [14] . In analogous systems, it has also been used in the development of an electron-beam-driven light source from the collective response 17 .
In order to illustrate and test the point-emitter formalism, we introduce models for the interactions between effective point emitters that not only possess electric and magnetic dipoles, but also the electric quadrupole, developed in Sec. IV. After analyzing the elementary case of two point electric dipoles, we consider systems comprising two parallel pairs of electric point dipoles. When a parallel pair is symmetrically excited, it may be approximated by a single effective point emitter possessing an electric dipole located at the center of the two dipoles. For an antisymmetrically excited pair we use a single effective point emitter possessing both a magnetic dipole and electric quadrupole located at the center of the two dipoles. We denote the decay rates of the effective point emitters by γ (1) s,a for a symmetrically and antisymmetrically excited pair of dipoles, respectively, that depend on the separation of the dipoles within the pair. For simplicity, we assume that the decay rates and the resonance frequencies of all point electric dipole are equal.
A. Two parallel point electric dipoles
As the first example to illustrate our model we take two parallel electric dipoles (Fig. 1 ) located at The decay rate of an electric dipole,
depends on the rate of dipole radiation and nonradiative losses that we set to Γ E1 = 0.83Γ (1) and Γ O = 0.17Γ (1) . When the driving field is tuned to the resonance frequency of the point electric dipoles, Ω 0 = ω 0 , the coupling matrix in the equation of motion [Eq. (52), with Γ M1 ≡ Γ E2 ≡ 0], of a pair of electric dipoles is,
(103)], r 12 = r 2 − r 1 , and G E1 (r 12 ) = G E1 (−r 12 ), which from Eq. (5)
Equation (104) has two eigenmodes of current oscillation: a symmetric mode (denoted by a subscript 's'), where both dipoles current oscillations are in phase, i.e., 
and eigenvalues
respectively. The eigenvalues determine the mode resonance frequency shifts δω (1) .
In Fig. 2 we show the radiative resonance linewidths and line shifts for the collective antisymmetric and symmetric eigenmodes. As the separation because small l → 0, the linewidth of the antisymmetric mode approaches the ohmic loss rate (γ Two closely-spaced parallel electric dipoles have eigenmodes that represent in-phase and out-of-phase excitations Eq. (106). The in-phase oscillations of a pair of dipoles can be approximated by a single electric dipole point emitter. For the antisymmetric, out-of-phase oscillations the total electric dipole is weak, but the pair exhibits nonvanishing electric quadrupole and magnetic dipole moments (see Fig. 3 ). We therefore approximate a pair of closely-spaced, parallel out-of-phase point electric dipoles by a single point emitter, possessing a magnetic dipole and electric quadrupole moment, located between the two electric dipoles.
We write the decay rate of a point emitter corresponding to the pair of out-of-phase electric dipoles as
where the antisymmetric collective mode linewidth γ
(1) a of two parallel electric dipoles can be calculated and is shown in Fig. 2 . Using this formula, we may then derive analytical expressions for Γ M1 and Γ E2 . Also shown in Fig. 2 , is the antisymmetric collective mode line shift δω (109)
Magnetic dipole moment of two parallel electric dipoles
In Sec. III and Ref. 6 , the magnetic dipole moment arose solely due to the magnetization M j (r, t). We assume the resonator j comprises two electric dipoles located at r ±,j = [x j , y j ± l j /2, z j ], where l j ≪ λ 0 , with linear charge and current oscillations along their axes. An effective magnetization M P,j (r, t) is present due to the polarization of the two parallel electric dipoles, where
wherew j (r) is the effective current profile function. The scattered EM fields due to the effective magnetic source located at r ′ , follow from the EM fields, Eqs. (3) and (4), with the effective magnetization Eq. (110).
In the point magnetic dipole approximation, the spatial profile functionw j (r) of the effective magnetization is approximated as a delta function at the origin
The effective area A M,j , of the point magnetic dipole [see Fig. 3 ] may be approximated by evaluating Eq. (111) with p ±,j (r) = ±Hdδ(r − r ±,j ). We find the point magnetic dipole moment, of the jth pair of antisymmetrically excited point electric dipoles, has an effective area
The magnetic dipole decay rate is dependent upon the magnitude of the electric dipoles H j which comprise the pair, and their separation l j , i.e., their effective cross sectional area. If the two electric point dipoles are not extremely close to each other, the resonance frequency of the antisymmetric mode is close to that of the single isolated electric dipole. We use the same resonance frequency (Eq. (9)) in both Eqs. (32) and (33), together with the effective area of the magnetic dipole Eq. (112), to find the ratio of the two emission rates is approximately given by
Electric quadrupole moment of two parallel electric dipoles
The effective area of the point electric quadrupole is obtained from a pair of out-of-phase point electric dipoles. We compare Eq. (65) (using the charge density of the electric dipoles, i.e., ρ j (r, t) = −Q∇· p d j (r)) with Eq. (72) to obtain the effective area
where r ′ = r − r j and the summation is over each of the ± orientated electric dipoles. Integrating Eq. (114) by parts results in Kronecker δ functions, see e.g., Eq. (73), and we find
For an electric dipole pair separated by l along the y axis (Fig. 3) , the dipoles are perpendicular toŷ, i.e., d ± j = ±ŷ ⊥ . By symmetry, all elements of the tensor A αβ,j are zero, with the exception of A yd,j = Ad y,j . For example, let the electric dipoles be aligned along the x axis. Then, two antisymmetrically excited point electric dipoles located at r ±,j = [x j , y j ± l j /2, z j ], have mode functions p d,± j (r) = ±H jx δ(r − r ±,j ). The nonzero components of Eq. (115) are
The integral in Eq. (116) is carried out over the δ function, and summing over the indices α, β in Eq. (78) provides the effective area of our point electric quadrupole
The electric quadrupole radiative emission rate also depends on the amplitudes of the point electric dipoles and their separation. If the electric dipoles are symmetrically excited, then one may readily verify the point electric quadrupole moment vanishes.
In the examples in this section, the radiative emission rates of the magnetic dipole and the electric quadrupole both depend the effective area of a pair of parallel electric dipoles. We assume that resonance frequencies of the magnetic dipole and electric quadrupole moments of the jth source are ω j , [Eq. (9)]. The relative decay rate of the magnetic dipole and electric quadrupole, Eq. (80), depends on the effective areas, A M,j and A E,j , Eqs. (112) and (117), respectively. We find the relative radiation rates for our example are
The radiative emission rate of an isolated point electric quadrupole may be related to the point electric dipole through Eq. (113).
C. Two interacting pairs of point electric dipoles
In this section, we illustrate and test the effective point emitter model for the system of two pairs of parallel electric point dipoles by describing each pair by an effective scatterer possessing an electric dipole or a magnetic dipole and electric quadrupole moments. We consider two geometries: two horizontal parallel pairs [ Fig. 4(a) ] and two perpendicular parallel pairs [ Fig. 9(a) ].
From the coupling matrix Eq. (104) we obtain four collective eigenmodes of current oscillation. We classify the modes as (see Figs. 4 and 9 ): antisymmetric electric dipoles (E1a); antisymmetric magnetic dipole-electric quadrupoles (M1E2a); symmetric electric dipoles (E1s); and symmetric magnetic dipole-electric quadrupoles (M1E2s). In the E1a and E1s modes each parallel pair of resonators forms an effective electric dipole. However, in the E1a mode the current oscillations in the different parallel pairs are out of phase, and in the E1s mode they are in phase. In the M1E2a and M1E2s modes, the pairs form effective magnetic dipoles.
In the remainder of this section we will directly compare the E1a, E1s modes of the four point electric dipoles
Description of electric dipoles by two multipole point emitters
In general, the jth pair of parallel electric dipoles are located at r ±,j = [x j , y j ± l/2, z j ]. When the separation l, between parallel electric dipoles is small, the jth pair may be approximated by a single resonator located at
When each parallel pair of electric dipoles are symmetrically excited [see, e.g., Fig. 4(a,c) ], each pair may be approximated by a single point electric dipole, located at the center of the pair. We introduced the interactions between two point electric dipoles in Sec. V A. We may use similar analysis to model the symmetric (E1s and E1a) collective modes of two interacting pairs of electric dipoles. The coupling matrix in this case is given by Eq. (104); with Γ
(1) → γ 
with corresponding eigenvalues ξ
E1s and ξ
E1a , where
Here, G E1 (r 12 ) is defined in Eq. (105) and the argument r 12 depends on the locations of the effective electric dipoles.
On the other hand, we argued in Sec. V B how a pair of antisymmetrically excited point electric dipoles can be approximated by a single point emitter possessing both magnetic dipole and electric quadrupole moments [see, e.g., Fig. 4(b,d) ]. For two point emitters located at r 1 and r 2 , with both magnetic dipole and electric quadrupole moments, the interaction matrix, C, is
Similar to our example of two electric dipoles, the contributing matrices in Eq. (121) are also 2 × 2. However, the off-diagonal elements of C are more complicated. In the diagonal elements, the total decay rate of each emitter is γ 
where G M1 (r 12 ), G E2 (r 12 ) and G X2 (r 12 ) depend exclusively on the orientations and locations of the magnetic dipoles and electric quadrupoles and we have utilized the symmetry property of the matrices, e.g., [ 
Two horizontal pairs of point electric dipoles
When the point electric dipoles are arranged in horizontal pairs, the Cartesian coordinates of the electric dipoles are
The effective point emitters of these are then located at the center of each pair r 1 = −r 2 = [s/2, 0, 0].
The interaction terms: G M1 (r 12 ); G E2 (r 12 ); and G X2 (r 12 ), in Eqs. (124)-(126) , are given by
respectively. In this example, the eigenmodes correspond antisymmetric excitations (m 1 = −m 2 , andÂ αβ,1 = −Â αβ,2 ), see Fig. 4(b) , and to symmetric excitations of the resonators (m 1 =m 2 , andÂ αβ,1 =Â αβ,2 ), see Fig. 4(d) . These eigenmodes are represented by the eigenvectors v While the collective mode linewidths resulting from the effective point emitter approximation qualitatively match those of the electric dipoles as l varies at both large and small s, the corresponding line shifts show greater variations. In particular, when ks = 2π/3, see Fig. 6 (a) and 6(b), the collective line shifts δω shifts, even when l is large. As we reduce the separation l, the line shifts δω
E1a and δω
E1s are red shifted from Ω 0 , see Fig. 6 (a) and 6(c). In contrast, δω In Fig. 7 we show analogous linewidths when the separation s between the pairs is varied. The linewidths of the effective model again agree well with the full point dipole results. The antisymmetric mode linewidth approaches the nonradiative loss rate when both l and s are small γ tric dipole are
In Fig. 9 (a) and 9(c), we show the E1a and E1s modes, respectively. In Fig. 9 In this example, the magnetic dipole orientation vectorsm 1,2 and the unit vectork form an orthonormal set, i.e.,m 1 = ±k ×m 2 , corresponding to symmetric (+) and antisymmetric (−) oscillations, see Fig. 9 (d), and 9(b), respectively. Similarly, the electric quadrupole unit tensors, for the symmetric (+) and antisymmetric (−) excitations arê 
The eigenvalues ξ (  √  2ks) . Specifically, we find
When the dipoles are close and perpendicular, they interact only weakly, γ
a . The line shifts of the modes diverge as ks → 0 and are dominated by Γ E2 , with δω ence in the linewidths between the two different models, even when s is small. When we vary s (Fig. 12) , the perpendicular dipoles collective mode linewidths exhibit different behavior to those of horizontal dipoles, displaying characteristic oscillations as a function of the separation s. The effective multipole model provides a good approximation of the corresponding point electric dipole model linewidths. The line shifts of the perpendicular pairs have very similar characteristics to horizontal pairs, both when s is large and when s is small. In this section, we compare the response of the four point electric dipole system with that of the effective two point emitter model under external driving, when we approximate the effective point emitter model with only one eigenmode. We consider the antisymmetric excitations, in which case the point emitter model exhibits the magnetic dipole and electric quadrupole moments. The driven dipoles radiate and induce excitations on the nearby dipoles, resulting in a strongly coupled system.
We solve the equation of motion Eq. (26) in a steadystate (ḃ = 0) for horizontal pairs of electric dipoles. We focus on the case when the external EM field drives one pair of dipoles only and propagates in the direction normal to the pair. For simplicity, we assume that the field perfectly couples to the antisymmetric excitation of the pair. In the point electric dipole system, we drive the pair 12, formed by the dipoles n = 1, 2. The driving by incident fields, F in in Eq. (26) , that takes the form
We only take the antisymmetric mode for the N = 2 effective point emitter system that exhibits magnetic dipole and electric quadrupole moments. The incident driving takes the form
The coupling matrix C in Eq. (26) is non-Hermitian, but we can define an occupation measure for a particular eigenmode v n in an excitation b by
For the four electric dipoles, we project the excitation onto the basis 
In Fig. 13 , we show the excitation spectra of the antisymmetric modes for the two models. For our choice of the driving in Eq. (139), the symmetric excitations of the electric dipoles are negligible. We find that, despite the inclusion of only one mode, the effective model agrees with the four-dipole case, provided that neither s nor l is too small. For small s the geometry of the configuration starts becoming important, while for small l, the contribution of the symmetric excitations would need to be included. For ks = 4π/3 and kl = π/3 (a,b), the effective model underestimates the excitation of the nondriven pair, while for ks = 8π/9 and kl = 4π/9 (c,d) the agreement is better.
VI. CONCLUSIONS
We have developed a formalism for effective point scatterer models that goes beyond the electric and magnetic dipole approximations, and also includes the more complicated electric quadrupole contributions to the interactions between the resonators. The resulting theory can then be expressed as a coupled set of dynamical equations for the resonators and EM fields. The interactions between the resonators result in collective eigenmodes with associative collective resonance frequency shifts and linewidths.
There is a clear motivation for introducing discrete models for the studies of EM field responses. For closelyspaced resonant emitters the EM-field-mediated interactions can be strong. The combination of recurrent scattering 34-36 -a process in which a wave is scattered more than once by the same emitter -and positiondependent radiative coupling between the emitters can lead to a correlated EM-field response. Even in a randomly distributed ensemble of emitters, such correlations have been shown to result in a qualitative failure of standard homogeneous-medium electrodynamics that, by construction, is a mean-field approximation 37, 38 . In large planar arrays of resonators, on the other hand, the collective effects can manifest themselves despite the presence of nonradiative losses, resulting, e.g., in a correlated excitation of a subradiant mode that can extend over the entire lattice, including over 1000 metamolecules 14 . Here, we have tested and illustrated the effective theory using simple point scatterer models where we only include one mode of the corresponding two-point-dipole scatterer. The effective models could be extended to the studies of large arrays in which case they can provide considerable numerical simplifications, or also to the studies of more complex multipole resonatators [19] [20] [21] [22] [23] [24] [25] . 
Evaluating the integrals in Eqs. (A9) and (A10), and summing over the Cartesian indices x, y and z, hence results in Eq. (69).
